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The clock transitions (CTs) of central spins have long coherence times because their frequency
fluctuations vanish in the linear order of external field noise (such as Overhauser fields from nuclear
spin baths). Therefore, CTs are useful for quantum technologies. Also, the quadratic dependence
of frequencies on noises makes the CT decoherence an interesting physics problem. Thus we are
motivated to study the decoherence of CTs. We consider noise from spin baths, which is one of
the most relevant mechanisms of qubit decoherence. Various quantum many-body methods have
been developed to study the decoherence of a central spin in spin baths. In particular, the cluster-
correlation expansion (CCE) systematically accounts for the many-body correlations that cause the
central spin decoherence. However, the CCE can not be straightforwardly applied to CTs in spin
baths, for the expansion may fail to converge due to the effective long-range interactions resulting
from the quadratic term of the noise (e.g., the second-order interaction mediated by hyperfine inter-
actions for a nuclear spin bath). In this work, we develop a modified CCE method to tackle this class
of decoherence problems. By diagonalizing the central spin Hamiltonian for each bath eigenstate of
the hyperfine interaction, we find that the effects of long-range interactions are absorbed as fluctu-
ations of central spin eigenenergies in the form of single-spin correlations. We apply the method to
two specific systems, namely, nitrogen vacancy center electron spins in near zero magnetic field and
singlet-triplet transition of two electrons in a double quantum dot. The numerical simulation shows
that the modified CCE converges rapidly for the CTs.
PACS numbers: 03.65.Yz, 76.30.Mi, 76.60.Lz
I. INTRODUCTION
Central spin decoherence due to coupling to
environments1–3 sets a limit for spin-based quantum
techonogies4–7. Therefore, it is important to study the
decoherence mechanism and to develop methods to pro-
long the coherence time8. In light-element materials
(e.g., diamond) with weak spin-orbit interaction or at
low temperatures, the phonon-induced qubit decoherence
is negligible and the nuclear spin fluctuations become
a dominant decoherence mechanism. To quantitatively
describe the decoherence of electron spins in nuclear
spin baths, quantum many-body approaches have been
developed, including pair-correlation approximation9–11,
cluster expansion (CE)12,13, linked-cluster expansion
(LCE)14, cluster-correlation expansion (CCE)15,16 and
ring diagram approximation17,18.
Among these theories, CCE is particularly useful for
spin baths with random qubit-bath couplings. It has
been successfully applied to various systems such as the
nitrogen vacancy (NV) centers in diamond19 and defect
centers in silicon20. The CCE approximates the coher-
ence as factorized expansions, L(t) ≈ ∏|C|≤K L˜C , with
|C| being the number of spins contained in the cluster
C and K being the truncation order15. Typically CCE
converges at small K , and therefore is very efficient in
simulations.
However, similar to other cluster expansion theories,
CCE often does not work in the regime near clock tran-
sitions (CTs). At CTs the transition frequency of the
central spin vanishes in the linear order of external field,
i.e., df/dB = 021,22 .The CTs are of interest to quantum
technologies because of their inherently insensitivity to
noise fluctuations. CT often occurs at level anti-crossing
point. For example, in an NV center19,23,24 under near
zero field, the strain mixes two Zeeman energy states,
leading to a parabolic dependence of the energy splitting
on magnetic field and hence eliminating the effect of mag-
netic noises at the linear order25. The second order effect
of the Overhauser field due to hyperfine interactions re-
sults in an electron spin mediated long-range interaction
between the nuclear spins (terms∝ Ii·AiAj ·Ij). Because
of the long-range interactions, straightforward CCE often
does not converge.
In this paper, we develop a modified CCE method
to calculate electron spin decoherence caused by nuclear
spin baths near CTs. We demonstrate the method by
studying the decoherence of an NV center spin under
near zero field with finite strain. Using the eigenstates of
the hyperfine interaction as the basis of the nuclear spins
and diagonalizing the electron spin Hamiltonian includ-
ing the hyperfine energy, we transform the effects of the
mediated long-range interactions between nuclear spins
into the energy fluctuation of the electron spin eigen-
states. The intrinsic dipolar interaction between nulear
spins is treated by 2nd- and higher-order cluster expan-
sion. Thus, for each initial nuclear spin state (i.e., each
sampling of the Overhauser field), the CCE converges
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2rapidly. Actually, the dominating effects of the nuclear
spin baths comes from the first order CCE, i.e., CCE-1
or single nuclear spin dynamics. The final result of deco-
herence is obtained by ensemble average over the thermal
distribution of the Overhauser field.
The modified CCE method can be applied to a broad
class of other important scenarios including the singlet-
triplet decoherence in GaAs double quantum dot26–28,
decay of Rabi oscillations29,30 and rotary echos31. As a
demonstration we also calculate the singlet-triplet deco-
herence in a double quantum dot.
This paper is organized as follows. Sec. II describes a
general class of decoherence problems that can be solved
by the modified CCE method. As an example, we study
in details the NV center in near zero magnetic field and
show that the modified CCE converges quickly in Sec. III.
The conclusion is given in Sec. IV. In Appendix A we
show that the electron spin eigenbasis can be approxi-
mated as static in cases of interest. The investigation of
the singlet-triplet decoherence in GaAs double quantum
dot is given in Appendix B. In Appendix C we show that
the decay of Rabi oscillations and rotary echos in spin
baths can also be studied with the modified CCE.
II. MODEL AND FORMALISM
We consider a central spin coupled to a spin bath. The
Hamiltonian is
H =
1
2
∆σz +
1
2
εσx +Hb, (1)
where ∆ is an effective field in the z direction (e.g., exter-
nal magnetic field and Overhauser field due to hyperfine
coupling to nuclear spins), ε is an effective field in the x
direction (e.g., strain), and Hb is the bath Hamiltonian.
When the bath interaction is neglected for the mo-
ment, the rest part of the Hamiltonian can be readily
diagonalized, with the bath in an eigenstate |M〉 of the
Overhauser field with eigenvalue ∆M , and the central
spin diagonalized as
HM =
1
2
√
ε2 + ∆2Mσ
M
z˜ , (2)
where σMz˜ = |+〉〈+|−|−〉〈−| is the Pauli matrix in a basis
depending on the bath state |M〉. Therefore we treat the
eigenenergy EM =
√
ε2 + ∆2M exactly rather than ex-
pand it to the second order (an approximation26,30,32,33
used previously to deal with square root of quantum op-
erator). As seen from Eq. (2), when the bath Hamilto-
nian Hb is neglected, the central spin experiences a static
noise, i.e., a static distribution of EM due to the thermal
distribution of the nuclear spin states. In this case, the
central spin decoherence can be completely suppressed
by spin echo.
The bath interaction Hb (including both Zeeman en-
ergy and inter-nucleus spin coupling), which usually does
not commute with the operator ∆, induces the dynamical
fluctuation of the Overhauser field (as can be easily seen
in the interaction picture ∆ˆ(t) = eiHbt∆e−iHbt 6= ∆ˆ(0)).
This in turn will cause the dynamical fluctuation of the
central spin splitting. To account for such dynamical
fluctuations, which are usually much smaller than EM ,
we separate ∆ into the mean-field part ∆M (depending
on the initial state of the bath) and the fluctuating part
δ, that is
∆ = ∆M + δ. (3)
Up to the second order of the fluctuation part δ, the
resonance frequency is expanded as
EM (δ) =
√
ε2 + (∆M + δ)2
≈ EM + ∆M
EM
δ +
1
2EM
δ2.
(4)
In principle, the eigenstate wavefunctions of the central
spin and hence the diagonal operator σMz˜ also fluctuate
with the Overhauser field. However, as illustrated in Ap-
pendix A, the wavefunction fluctuation induces much less
decoherence effect than the frequency fluctuation in cases
of interest in this paper. Therefore, we fix the diagonal
operator σMz˜ (δ) to be σ
M
z˜ , whose eigenstates |±〉 are de-
termined with δ = 0.
𝐸
Δ
𝑃(Δ)
𝑃(E)
𝜀/2
-𝜀/2
FIG. 1. Illustration of the clock transition. Near ∆ = 0, due
to the parabolic dependence, the distribution of the transition
frequency P (E) is squeezed as compared with the distribution
of the field P (∆). Therefore, decoherence is suppressed at CT.
As shown in Eq. (4) and Fig. 1, the eigenenergy anti-
crossing at ∆M = 0 corresponds to the CT point. At the
CT point, the energy is insensitive to the first order fluc-
tuations, i.e., dEM/dδ = 0. Therefore CT has prolonged
spin coherence times.
With the transformations and approximation, the
Hamiltonian in Eq. (1) becomes
H = Hb +
1
2
∑
M
EM (δ)|M〉〈M | ⊗ σMz˜ = Hb +H0. (5)
The coherence of the qubit for a certain bath state |M〉
is characterized9,10 (for free-induction decay (FID), with
extension to spin echo being straightforward) as
L(t) = 〈M |eiH(−)te−iH(+)t|M〉, (6)
3where the bath Hamiltonian conditioned on the central
spin states |±〉 is
H± ≡ Hb ± 1
2
EM (δ). (7)
Since Hb now can be regarded as a perturbation with
respect to the unperturbed Hamiltonian H0, the CCE
theory15,16 is suitable for calculating L(t).
In CCE, decoherence is expanded as the product of
different orders of cluster correlations. For finite-time
evolution, the expansion to a few orders will typically be
sufficient. The K-order CCE (referred to CCE-K) is8
L(K)(t) =
∏
|C|≤K
L˜C(t), (8)
where |C| is the cluster size, and the cluster correlation
L˜C(t) is defined as
L˜C(t) =
LC(t)∏
C′⊂C L˜C′
, (9)
where LC(t) is the qubit decoherence caused by cluster
C.
III. DECOHERENCE OF NV CENTER
ELECTRON SPIN NEAR CT
We consider a negatively charged NV center34,35,
whose electronic ground state is a triplet state with spin
S = 1. The NV center is coupled to 13C nuclear spins
{Ii}, which are spin-1/2’s with natural abundance 1.1%,
randomly distributed on the diamond lattice. The Hamil-
tonian of the system8 consists of three parts,
H = HNV +Hb +Hint, (10)
where HNV and Hb are the Hamiltonians of NV center
electron spin and the nuclear spins, respectively, and Hint
is the interaction between the NV center and the bath.
In the very-weak field regime (B . 0.1 G), local strain-
induced transverse anisotropy is not negligible, contribut-
ing a term to the NV center Hamiltonian in addition to
the zero-field splitting energy and Zeeman energy of the
central spin33,
HNV = DS
2
z − γeBSz + ε(S2x − S2y), (11)
where Sz has the eigebasis {|0〉, |±1〉}, D = 2.87 GHz
is the zero-field splitting, ε is the strain-induced trans-
verse anisotropy (a typical value 100 kHz is assumed
in this paper according to experimental data25), γe =
−2.8 MHz G−1 is the gyromagnetic ratio of the electron
spin, and B is the external magnetic field along the NV
axis. Note that a transverse field B⊥ would only modify
the energies as a second order perturbation ∼ γ2eB2⊥/D,
which is negligible in the weak field regime.
The bath Hamiltonian consists of nuclear spin Zee-
man energy and dipole-dipole interaction between nu-
clear spins
Hb = −γn
∑
j
B · Ij +
∑
i<j
Ii · Dij · Ij , (12)
where γn = 1.1 kHz G
−1 is the gyromagnetic ratio of 13C
nuclear spins, and Dij is the dipolar interaction tensor
between the ith and jth nuclear spins8
Dij =
µ0
4pi
γ2n
r3ij
(
I− 3rijrij
r3ij
)
, (13)
where µ0 is the vacuum permeability and rij is displace-
ment between the ith and jth nuclear spins.
In principle the nuclear spin Zeeman energy should
include both the magnetic field along the NV axis and
the transverse component. However, as will be made
clear later in this paper, the amplitude and direction of
the field are not essential as long as the nuclear Zeeman
energy is weak (in comparison with hyperfine interaction)
and does not commute with the hyperfine interaction.
Without loss of generality, we assume the field is along
the z axis, i.e., B = Bz.
The electron and bath spins are coupled through the
hyperfine interaction
Hint = S ·
∑
j
Aj · Ij ≡ S · h, (14)
where Aj is the hyperfine interaction tensor for the jth
nuclear spin, and h denotes the Overhauser field.
The transverse components of the Overhauser field
h are neglected since their effects on the electron spin
eigenenergies is mainly a second order perturbation ∼
h2/D, which is negligible ( h and  ε). Thus
Hint ≈ Sz
∑
j
Aj · Ij , (15)
with
Aj = z · µ0
4pi
γeγn
r3j
(
I− 3rjrj
r3j
)
. (16)
Here the Fermi contact part is neglected since the tightly
bound orbits of the NV center electrons have little over-
lap with the 13C nuclei.
A. NV center spin eigenstates under Overhauser
field
One eigenstate of the Hamiltonian of Eq. (10) is |0〉.
The other two eigenstates are formed by | ± 1〉 as
|+〉 = cos θe
2
|+1〉+ sin θe
2
|−1〉,
|−〉 = − sin θe
2
|+1〉+ cos θe
2
|−1〉,
(17)
4where θe = tan
−1(ε/ωe) with ωe = −γeB being
the electron spin Larmor frequency. In the eigenba-
sis {|0〉, |±〉}, the NV Hamiltonian is diagonalized as
HNV =
√
ε2 + ω2eSz˜ (D dropped hereafter).
Taking into account the Overhauser field along the z-
axis, hz =
∑
jAj · Ij , the NV center Hamiltonian be-
comes
He = DS
2
z + (ωe + hz)Sz + ε(S
2
x − S2y), (18)
which is formally diagonalized as
H ′e =
√
ε2 + (ωe + hz)2S
′
z˜. (19)
If Eq. (19) is expanded to the second order of hz, the
eigenenergy contains terms ∝ Ii ·AiAj · Ij , which are ef-
fective long-range interactions among nuclear spins. Such
long range interactions depend on the distances from nu-
clear spins to the electron spin rather than the relative
distances between nuclear spins. For relatively close nu-
clear spins (for instance within ∼ 1 nm from the electron
spin), the hyperfine-mediated interaction (∼ kHz) will
be more important than their intrinsic dipole-dipole in-
teraction given in Eq. (13) (∼ 0.1 kHz). Therefore, a
better choice of the working basis is the eigenstates of
the hyperfine interaction, denoted as {|↑〉j , |↓〉j} for the
jth nuclear spin. In so-chosen basis, the Hamiltonian of
Eq. (10) can be recast as
H =
∑
M
√
ε2 + (ωe + hMz )
2|M〉〈M | ⊗ SMz˜ +Hb, (20)
where hMz = 〈M |hz|M〉 is the Overhauser field for the
bath eigenstates |M〉 ≡ ⊗j |mj〉j withmj =↑ or ↓. In gen-
eral, SMz˜ depends on the Overhauser field, which can be
fluctuating in time. However, as shown in Appendix A,
due to the fact that the Overhauser field fluctuation is
small and slow, we can take SMz˜ as fixed and indepen-
dent of the fluctuation δ. Note that unlike in previous
works26,30,32,33, the hyperfine interaction is treated be-
yond the second-order approximation.
In the following, we assume that the central spin is
initialized as |ψe(0)〉 = 1/
√
2(|+〉+ |0〉). For temperature
much higher than the nuclear spin eigenenergies (MHz ∼
µK), the nuclear spins can be described by an identity
density matrix, ρ = 2−N . The conditional Hamiltonian
for central spin at |+〉 and |0〉 states are
H(+) =
∑
M
EM |M〉〈M |+Hb, (21a)
H(0) = Hb. (21b)
B. Cluster-correlation Expansion
When the number of nuclear spins taken into account
is small (N ∼ 20), the spin decoherene problem defined
by Hamiltonian of Eq. (20) can be exactly solved by
the numerical diagonalization or time integration. How-
ever, typically a much larger number of nuclear spins
(N > 100) are needed to obtain converged results for cal-
culating the central spin decoherence in a lattice. Now
by treating the hyperfine interaction non-perturbatively,
the CCE can be readily applied to central spin decoher-
ence near CTs. We’ll show that CCE-2 already gives
converged results.
For a pure bath initial state |M〉, the coherence of the
electron spin expanded up to CCE-2 is
LM (t) ≈ eiEM t
∏
j
L˜Mj
∏
i<j
L˜Mij , (22)
where the phase factor eiEM t is due to the empty-cluster
correlation (the bath Hamiltonian is neglected), L˜Mj is
the single-spin cluster correlation from the jth nuclear
spin, and L˜Mij is the two-spin (pair) correlation from the
ith and jth nuclear spins.
Because the hyperfine interaction in general does not
commute with the nuclear Zeeman energy, i.e., the z axis
is different from the hyperfine quantization axis, the Zee-
man terms can induce transitions between different hy-
perfine eigenstates |M〉, causing fluctuations of the Over-
hauser field hMz , and in turn fluctuation of the eigenen-
ergy of the electron spin states. Therefore, the single
spin dynamics (CCE-1) contributes significantly to the
decoherence of NV center spin under low field, which is
in contrast to the case of relatively strong field where
the processes not conserving the Zeeman energy are sup-
pressed.
For FID, the electron spin decoherence caused by
single-spin dynamics is given by
L˜Mj =
1
eiEM t
〈M |eiH(+)j te−iH(0)j t|M〉, (23)
with the Hamiltonian for the jth spin,
H
(+)
j =
∑
mj
Ej |mj〉〈mj |+ h(0)j , (24a)
H
(0)
j = −γnB · Ij . (24b)
The electron spin decoherence caused by the nuclear
spin pair is given by
L˜Mij =
1
eiEM tL˜Mi L˜
M
j
〈M |eiH(+)ij te−iH(0)ij t|M〉, (25)
with the Hamiltonian for the ith and jth nuclear spin
pair,
H
(+)
ij =
∑
mimj
Eij |mimj〉〈mimj |+H(0)ij , (26a)
H
(0)
ij = −γnB · Ii − γnB · Ij + Ii · Dij · Ij . (26b)
For Hahn echo, electron spin decoherence caused by
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FIG. 2. Comparison of different orders of the modified CCE and the original CCE to exact numerical results for a random
bath state near the clock transition. The number of nuclear spins is N = 10. (a) Hahn echo result with B = 0 G, (b) Hahn
echo result with B = 0.1 G. The results show that the modified CCE has converged to the exact result with truncation order
of 2. While the original CCE does not converge.
the single and pair correlations becomes
L˜Mj = 〈M |eiH
(+)
j teiH
(0)
j te−iH
(+)
j te−iH
(0)
j t|M〉,
L˜Mij =
1
L˜Mi L˜
M
j
〈M |eiH(+)ij teiM(0)ij te−iH(+)ij te−iH(0)ij t|M〉.
(27)
To verify the correctness and convergence of the CCE,
we compare the CCE results with the exact numerical
result. In exact numerical simulation, we integrate the
Schro¨dinger equation using a standard numerical algo-
rithm (leap-frog), |ψ(t+∆t)〉 ≈ |ψ(t−∆t)〉−2i∆tH|ψ(t)〉,
with the stability criterion that the time step ∆t <
1/||H||. Figure 2 shows the comparison for a bath of 10
nuclear spins in a state |M〉 with vanishing Overhauser
field (hMz ≈ 0). At least for the time scale less than 2 ms
(which is much greater than the decoherence time) the
modified CCE-2 converges to the exact result. However,
the original CCE, which contains mediated long-range
interactions, does not converge. Moreover, unlike the
pair-correlation-dominated electron spin decoherence for
the NV center in high field regime8,36 or double QDs26 in
Appendix B, the single spin correlation (CCE-1) domi-
nates the decoherence in the weak magnetic field regime.
C. Results and Discussions
Since the decoherence for FID is just a result of inho-
mogeneous broadening36, which does not need CCE for
calculation, in this subsection, we are interested in study-
ing the decoherence for Hahn echo and the dependence
of T2 on external magnetic fields.
For Hahn echo, the static thermal noise is eliminated,
and the electron spin decoherence is caused by the dy-
namical fluctuations of the nuclear spin bath. In Fig. 3,
we compare the results from different orders of CCE for
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FIG. 3. Comparison between CCE-2 and CCE-3 results at
and away from the clock transition for a pure bath state with
vanishing Overhauser field. In the randomly chosen spatial
configurations of 13C nuclei on the lattice, the nearest nuclear
spin is 0.77 nm (A1 = 60.2 kHz) from the central electron spin.
The number of nuclear spins included in the calculation is
N = 500.
a nuclear spin bath (N = 500) in a pure state |M〉 with
vanishing Overhauser field (hMz ≈ 0). The comparison
shows that, after absorbing the long-range interactions
as eigenenergy fluctuations, the modified CCE converges
even at CT (B = 0).
Figure 4 shows the coherence time of Hahn echo
for three different initial bath states. The dependence
presents sharp peaks with the maximum coherence times
appear where external magnetic field approximately can-
cels the Overhauser field for that specific bath state (i.e.,
ωe + h
M
z = 0). Such peak features demonstrate that
the coherence of electron spin is well protected at the
clock transition. Also, the coherence time as a function
6of the magnetic field has similar line width for different
pure initial states, since the dynamical fluctuations of the
Overhauser field is almost independent of the initial state
|M〉.
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FIG. 4. Dependence on external field of NV center electron
spin coherence time of Hahn echo for three different pure bath
states. The results are calculated by the modified CCE-2.
The number of nuclear spins included in the calculation is
N = 500. The maximum of the coherence time occurs where
external magnetic field cancels the Overhauser field.
In order to get the ensemble-averaged result, in princi-
ple, we need to take average of L(t) over all bath states.
However, since the remote nuclear spins have negligible
effects on the static part of Overhauser field, which de-
termines the location of CTs, we can set the remote nu-
clear spins at randomly chosen initial states and only take
the average over all states of several close nuclear spins
(∼ 10).
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FIG. 5. Ensemble-averaged result of NV electron spin co-
herence time for Hahn echo. The number of nuclear spins is
N = 200. The coherence time is obtained from the decoher-
ence profile averaged over all states of the nearest 10 bath
spins. Inset: The distribution of Overhauser field.
Figure 5 shows the ensemble-averaged result of T2 as a
function of the magnetic field. Considering the averaging
is expensive in computation, we have reduced the number
of nuclear spins to N = 200. The nearest 10 nuclear spin
states are fully averaged (totally 210 = 1024 pure states)
with remote nuclear spins at random pure states. We can
see that the sharp line feature (Fig. 4) for the pure bath
state case has been lost in the ensemble-averaged result.
IV. CONCLUSION
In this paper, we theoretically investigated a class of
decoherence problems which can be solved by the modi-
fied CCE method. As an example, we study in details the
NV center decoherence in the near-zero magnetic field.
By transforming the basis, the hyperfine mediated bath
interaction is absorbed as fluctuation of the central spin
eigenenergies. We find that the dynamical fluctuation of
the Overhauser field has a much larger effects on the cen-
tral spin eigenenergies than on the wavefunctions of the
eigenstates, so the static approximation can be adopted
for the central spin eigenstates. In the modified CCE, the
static part of the Overhauser field is treated exactly with-
out resorting to the second order expansion method. For
numercial simulations, we have calculated the NV cen-
ter decoherence in the near zero magnetic field regime,
which displays quite different properties than in the high
field regime. We also solve the single-triplet decoherence
problem and show that CCE-2 also converges for this
system in Appendix B. One more example, namely, the
decay of Rabi oscillation, is formulated in Appendix C.
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Appendix A: Static Approximation of central spin
eigenstates
In most cases of electron spin decoherence in nuclear
spin baths, the dynamical part of the fluctuation (δ ≡
hz(t)−〈M |hz|M〉) is much smaller than the electron spin
splitting at the CT, i.e., δ  ε, and the fluctuation of
δ˜(t) = eiHbtδe−iHbt is much slower than the electron spin
dynamics, for |Hb|  ε. Therefore, the basis of σMz˜ (δ)
adiabatically follows the direction of (∆M + δ˜(t), 0, ε).
Starting from the initial state |ψ(0)〉 = 1√
2
(|+〉 +
|−〉)|J〉, the state at time t
|ψ(t)〉 ≈ 1√
2
e−iHbtT e−i
∫ t
0
√
ε2+(∆M+δ˜(τ))2dτ |+′,M〉
+
1√
2
e−iHbtT ei
∫ t
0
√
ε2+(∆M+δ˜(τ))2dτ |−′,M〉,
(A1)
7where |±′〉 are the instantaneous eigenstates in direction
(∆M + δ˜(t), 0, ε).
The coherence is
L(t) = 〈(σx + iσy)〉 /2
≈ 1
2
〈M |T¯ ei
∫ t
0
√
ε2+(∆M+δ˜(τ))2dτ
T e−i
∫ t
0
√
ε2+(∆M+δ˜(τ))2dτ |M〉,
(A2)
where T¯ is the anti-time-ordering operator and we have
used that 〈n|m〉 = δm,n with m,n = ±′. The results
can be immediately identified as being equivalent to the
approximation |±′〉 ≈ |±〉 during the evolution.
Therefore, we justify the approximation
σMz˜ (δ) ≈ σMz˜ . (A3)
Appendix B: Decoherence of GaAS Double
Quantum dot
Here we consider a gate-defined symmetric GaAs dou-
ble quantum dot26,37,38 with one electron in each dot. In
the zincblende structure As and Ga are located in two
interpenetrating face-centered cubic lattices. All the iso-
topes have a spin quantum number of 3/2, and the nat-
ural abundances for 75As, 69Ga and 71Ga are shown in
Table I39,40. Assuming an external magnetic field is ap-
plied along [001] direction, which is also taken to be the
z axis in this section, the Hamiltonian for the electron-
nuclear system is
H = ωe(S
z
1 + S
z
2 ) + JexS1 · S2 + Sz1hz1 + Sz2hz2 +Hb,
(B1)
where S1 and S2 are the electron spin operators, ωe =
−γ∗eB is the electron Zeeman splitting with γ∗e = 1.32×
1011 S−1 T−1 being the effective gyromagnetic ratio for
GaAs dot9,10,41, Jex (taken to be −1µev ≈ −0.24 GHz
in calculation) is the exchange interaction due to inter-
dot tunneling37,42, and hzk =
∑
j ak,jI
z
k,j (k = 1, 2) is the
Overhauster field with ak,j being the Fermi contact hy-
perfine coefficient for the jth nuclear spin in the kth dot.
A large external magnetic field is applied (B ≥ 1 T) and
the electron-nuclear flip-flop processes are suppressed due
to large Zeeman splitting mismatch, so the off-diagonal
hyperfine interaction is neglected. Here the total bath
Hamiltonian is
Hb = Hb,1 +Hb,2, (B2)
where Hb,k (with k = 1, 2) is the bath Hamiltonian for
the kth dot. Hb,k is assumed to be independent for the
two dots with the form
Hb,k =
∑
k,j
ωk,jI
z
k,j +
∑
k,i<j
Ik,i · Dk,i;k,j · Ik,j
≈
∑
k,j
ωk,jI
z
k,j +
∑
k,i<j
′
Dk,i;k,jI
z
k,iI
z
k,j
+
∑
k,i<j
′′Dk,i;k,j
2
(3Izk,iI
z
k,j − Ik,i · Ik,j),
(B3)
where Dk,i;k,j =
µ0γk,iγk,j
4pir3k,i;k,j
(1−3 cos2 θk,i;k,j) is the dipolar
hyperfine coefficient in the high field regime, the summa-
tion with a prime runs over only the hetero-nuclear pairs
and summation with a double prime runs over only the
homo-nuclear pairs. Due to the large external magnetic
field (ωn  Dij), hetero-nuclear pair flip-flops are sup-
pressed, so only the secular terms which conserve the
Zeeman energy have been kept26.
The Fermi contact hyperfine coefficient is ak,j =
Ana
3|f(rk,j)|2, with a = 5.63 A˚ the lattice constant.
An =
2
3µ0γeγndn is the hyperfine constant for the nth
isotope, with γe = −1.76 × 1011 S−1 T−1 being the free
electron gyromagnetic ratio, γn the nuclear gyromagnetic
ratio, and dn the electronic density
43. These parameters
are shown in Table I. f(r) is the envelope wavefunction
of the ground state. The confinement of GaAs dot along
the z direction and the lateral directions is assumed to
be hard-wall and parabolic9, respectively. Therefore, the
envelope function
f(r) =
√
2
Lz
cos
piz
Lz
· 1√
piρ0
e
− ρ2
2ρ20 , |z| ≤ Lz
2
, (B4)
where Lz is the dimension in z direction, and ρ0 is the
Fock-Darwin radius27,44. In the calculation, Lz = 6 nm
and ρ0 = 30 nm.
TABLE I. Parameters for nuclear spins in GaAs.
75As 69Ga 71Ga
Abundance 100% 60.1% 39.9%
γn(×107 S−1 T−1) 4.60 6.44 8.18
dn(×1025 cm−3) 9.8 5.8 5.8
An(×109 S−1) 69.8 58.1 73.8
The qubit for the electron spin is formed by the singlet
state |S〉 = (| ↑↓〉− | ↓↑〉)/√2 and the unpolarized triplet
state |T0〉 = (| ↑↓〉 + | ↓↑〉)/
√
2 (with the two polarized
triplet state |T+〉 = | ↑↑〉 and |T−〉 = | ↓↓〉 largely decou-
pled from the qubit space). In the singlet-triplet basis,
the total Hamiltonian is26
H = JexSz + (h
z
1 − hz2)Sx +Hb, (B5)
where Sz = (|T0〉〈T0| − |S〉〈S|)/2 and Sx = (|T0〉〈S| +
|S〉〈T0|)/2. Then the pure-dephasing Hamiltonian in the
central qubit eigenstate basis is
H =
√
J2ex + (h
z
1 − hz2)2Sz˜ +Hb, (B6)
8where we adopt the static approximation for Sz˜ as
demonstrated in Appendix A.
To verify the convergence of CCE, we only consider
single sample results for a pure initial state |M〉 gener-
ated by setting mj for each nuclear spin as one of values
{−3/2,−1/2, 1/2, 3/2} randomly with the same proba-
bility, in the light of the high-temperature condition for
nuclear spins (kBT (10 mK) ∼ 0.2 GHz  ωk,j). The po-
sitions of nuclear spins in the bath are randomly placed
according to their respective natural abundances (Ta-
ble I). It should be noted that unlike NV center case,
CCE-1 Hamiltonians H±j = ± 12
√
J2ex + (h
z
1 − hz2)2+ωjIzj
commute, making no contribution to the decoherence of
the central qubit.
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FIG. 6. Comparison of CCE-2 and CCE-3 results for singlet-
triplet decoherence with Hahn echo applied in a GaAs double
quantum dot. The initial state of the nuclear spin bath is
randomly chosen as |M〉. The number of nuclear spins N =
1.6× 106.
Figure 6 shows the results from CCE-2 and CCE-3,
which verifies that CCE-2 also gives the converged result
in this system.
Appendix C: Decay of Rabi Oscillation and Rotary
Echo
In this section we show that decay of Rabi
oscillations30, where interesting power law decay and
phase shift of rotations were reported previously29,38, and
rotary echos31,32 also belong to the general class of prob-
lems that can be solved using the modified CCE. Suppose
the central spin is under a large static magnetic field in
the z axis (hence the pure dephasing model) and a strong
Rabi driving field in the x direction, the Hamiltonian
is31,45
H = εSx + (∆ + hz)Sz +Hb, (C1)
where ε is the Rabi frequency in rotating frame, ∆ =
ωe − ω is the detuning between the Zeeman frequency of
the central spin and the frequency of driving field, and
hz =
∑
iAiI
z
i the Overhauster field from the nuclear spin
bath. The pure-dephasing Hamiltonian in the central
spin eigenstate basis is
H =
√
ε2 + (∆ + hz)2Sz˜ +Hb. (C2)
This Hamiltonian is immediately recognized as belong-
ing to the class discussed in the main text, and therefore
solvable using the modified CCE.
Rotary echoes (echoes in rotating frame) are produced
by reversing the phase of the driving field at times
{t1, t2 · · · tN} for the system evolution from 0 to t, so
that the total Hamiltonian becomes time-dependent as
HN (t) = f(t)εSx + (∆ + hz)Sz +Hb, (C3)
where f(t) = (−1)k for [tk, tk+1] (k = 0, 1, · · · , N with
t0 = 0 and tN+1 = t).
The rotary echo signal can be calculated with the mod-
ified CCE in a similar way to the calculation of the Hahn
echo at the clock transitions.
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